Abstract. The principle of local gauge invariance is applied to fractional wave equations and the interaction term is determined up to order o(ḡ) in the coupling constantḡ. As a first application, based on the RiemannLiouville fractional derivative definition, the fractional Zeeman effect is used to reproduce the baryon spectrum accurately. The transformation properties of the non relativistic fractional Schrödinger-equation under spatial rotations are investigated and an internal fractional spin is deduced.
Introduction
Historically the first example for a quantum field theory is quantum electro dynamics (QED), which successfully describes the interaction between electrons and positrons with photons [1] , [2] . The interaction type of this quantum field theory between the electromagnetic field and the electron Dirac field is determined by the principle of minimal gauge invariant coupling of the electric charge.
For more complex charge types, this principle may be extended to non abelian gauge theories or Yang-Mills field theories [3] . A typical example is quantum chromo dynamics (QCD), which describes a hadronic interaction by gauge invariant coupling of quark fields with gluon fields.
Hence local gauge invariance seems to be a fundamental principle for a study of the dynamics of particles [4] .
In the following we will apply the concept of local gauge invariance to fractional fields and will outline the basic structure of a quantum field theory based on fractional calculus.
The fractional calculus has fascinated mathematicians since the days of Leibniz [5] - [7] . The interest in fractional relativistic quantum wave equations is a relatively new one. In 2000, Raspini [8] , [9] has proposed a fractional Dirac equation of order α = 2/3 and found the corresponding γ µ α -matrix algebra to be related to generalized Clifford algebras. Závada [10] has generalized this approach and found, that relativistic covariant equations generated by taking the n-th root of the d'Alembert operator are fractional wave equations with an inherent SU (n) symmetry.
Since the only mechanism currently used to introduce a symmetry like SU (n) involves non abelian gauge fields as proposed by Yang-Mills, the study of gauge invariant fractional wave equations is a new, interesting alternative approach to establish a SU (n) symmetry. a email address: herrmann@gigahedron.com Until now, only free fractional fields have been studied [11] , [12] . In this paper, we will apply the principle of local gauge invariance to fractional wave equations and derive the resulting interaction up to order o(ḡ) in the coupling constantḡ. As an application, we will use the fractional generalization of the classical Zeeman effect [13] for non relativistic particles to reproduce the spectrum of baryons accurately.
Notation
The fractional calculus [14] - [16] provides a set of axioms and methods to extend the coordinate and corresponding derivative definitions in a reasonable way from integer order n to arbitrary order α:
The definition of the fractional order derivative is not unique, several definitions e.g. the Riemann, Caputo, Weyl, Riesz, Feller, Grünwald fractional derivative definition coexist [17] - [22] . To keep this paper as general as possible, we do not apply a specific representation of the fractional derivative operator. We will only assume, that an appropriate mapping on real numbers of coordinates x and fractional coordinates x α and functions f and fractional derivatives g exists and that a Leibniz product rule is defined properly.
Therefore we use x α as a short hand notation for e.g. sign(x)|x| α as demonstrated in [23] and ∂ α /∂x α as a short hand notation for e.g. the fractional left and right Riemann Liouville derivative (D α a+ , D α a− ) as demonstrated in [24] .
Only in section 6, where the fractional Zeeman effect is examined, we explicitely use the Riemann-Liouville fractional derivative. The Leibniz product rule is used in the following form [14] , [15] :
where the fractional binomial is given by
and Γ (z) is the Euler Γ -function.
Since until now, there exists no specific theory of fractional tensor calculus, in the following we propose notations, which turn out to be useful.
Especially the fractional derivative and in general the quantities we will investigate are elements of a direct product space of the discrete coordinate space on one hand, whose discrete coordinate indices are denoted by µ, ν, .. = 0, .., 3 and on the other hand the continuous space of fractional derivatives, which are labeled with α, β, ... ∈ R. These are real numbers, which in the case α < 0 or β < 0 are interpreted as a fractional integral of order α and β respectively.
For the covariant fractional derivatives of order α we introduce the short hand notations
Einsteins summation convention for tensors e.g.
is extended to the continuous case for the fractional derivative coefficients
whereĝ(α, β) is an appropriately chosen function of the two variables α, β.
Hence we define the generalized metric tensor
where δ(α − β) is the Dirac delta function for raising and lowering of indices. Therefore the fractional derivative objects are formally described in a manner similar to the case of spinor objects. A quantity like e.g. F α µν behaves as a tensor of rank 2 in coordinate space and as a vector in the sense of (8) in fractional derivative space.
With these definitions, the contravariant fractional derivative follows as:
Calculations are performed in natural unitsh = c = 1. Finally, we have to resolve an ambiguity, which is specific to fractional tensor calculus. For α = 0 the use of the fractional derivative introduces an index and therefore
obviously violates the principle of covariance, since the tensor rank differs for left and right hand side of (11). Consequently we introduce the Kronecker delta δ
and perform a pseudo-summation, which is reduced to a single term. We introduce the abbreviations
and call (µ) a pseudo index, where summation is performed, but the tensor properties in fractional coordinate space are not affected. The Kronecker delta may be generalised to
where ∂ α (µ) f transforms like a scalar in fractional coordinate space, but the derivative with respect to µ is performed. With this definition, the Kronecker delta will be used like
Hence introducing the Kronecker delta extends manifest covariant tensor calculus in a reasonable way to fractional derivative tensors.
Generalized Euler-Lagrange equations for fractional fields
Euler-Lagrange equations for the Riemann-Liouville partial fractional derivative have been derived by Baleanu and Muslih [24] for classical fields, described by a Lagrange density L of type L = L(φ, φ α |µ ). For our purpose, an extended version of the Lagrange density for a field φ is needed, which is given by
Following [24] , [25] variation of the covariant action S = d 4 xL yields the corresponding Euler-Lagrange equations
Since the Lagrange density is non local, special care should be taken handling the corresponding Hamiltonian [24] . 
and is given by [8] , [9] :
The γ µ α -matrices are built from triads of traceless, unitary n × n matrices, which span a subspace of SU (n) and 1 α is the corresponding unit matrix. They obey an extended Clifford algebra [10] :
where {π} denotes all permutations of γ µi α and δ µ1µ2...µn denotes the Kronecker delta.
The corresponding Lagrange density is given by [24] :
The free gauge field
As an example for an abelian fractional gauge field we present the fractional extension of the Maxwell equations. We define the fractional field strength tensor of rank 2 in coordinate space and rank 1 in fractional derivative space by
The Lagrange density for the fractional electro-magnetic field L EM is given by
Variation of L EM with respect to the fractional potential A µ yields the fractional inhomogenous Maxwell equations
The potential A µ is not uniquely determined. A change of the potential of type (27) leaves the field strength tensor unchanged and is therefore called a gauge transformation.
Gauge invariance in first order of the coupling constantḡ
In the previous section we have presented an example for a fractional free field, the relativistic fractional Dirac field and for a fractional gauge field, the fractional electromagnetic field. We now postulate, that the principle of local gauge invariance is valid for fractional wave equations, too.
The requirement of invariance of the fractional Lagrange density for the Dirac field under local gauge transformations should uniquely determine the type of the interaction with a fractional gauge field.
We therefore will investigate the transformation properties of the fractional analogue of the free QED-Lagrangian L f ree
where α = 2/n and β both denote derivatives of fractional order. Special cases are: For α = 1 a fractional electric field couples to the standard Dirac field, for β = 1 a standard electric field couples to a fractional Dirac field. For α = β both fractional fields are of similar type. For α = β = 1 the Lagrange density (28) reduces to the QED Lagrangian. Under local gauge transformations the following transformation properties hold:
The transformation properties of the fractional derivative operator ∂ α µ may be deduced from:
The commutator reflects the non locality for the fractional derivative. Since there is no simple fractional analogue to the chain rule, which is known for the standard derivative, this commutator cannot be evaluated directly, without loss of clarity. Therefore we will restrict our derivation to gauge invariance up to first order in the coupling constantḡ only, which corresponds to an infinitesimal gauge transformation.
We obtain:
We define the fractional charge connection operatorΓ αβ µ , which in a fractional charge tangent space is the analogue to the fractional Christoffel symbols in a fractional coordinate tangent space or the fractional Fock-Ivanenko coefficients in a fractional spinor tangent space:
with the Kronecker delta δ (µ) στ , where (µ) indicates that a summation over µ is performed, which reduces the sum (38) to a single term (39), but on the other hand (µ) should be ignored, when the transformation properties in fractional coordinate space are determined, therefore the vector character ofΓ αβ µ (ξ µ ) is conserved in the fractional coordinate space.
This operator is linear
It should be emphasized, thatΓ
is an operator and therefore does not transform as a simple c-number. But up to first order inḡ the relation (41) holds. Hence the fractional derivative operator ∂ α µ transforms as
Therefore we define the covariant fractional derivative
It transforms as
With the covariant fractional derivative D α µ it follows from (41) and from the linearity of the fractional charge connection operatorΓ αβ µ , that the Lagrange density L F QED for the fractional extension of QED
is invariant under local gauge transformations up to first order in the coupling constantḡ. Variation of L F QED with respect toΨ leads to the Dirac equation for the fractional Dirac field Ψ :
Variation of L F QED with respect to the four potential A µ leads to the fractional Maxwell equations (49), which for α = β becomes 1, while for α > β fractional differentiation and for α < β fractional integration is performed.
The term on the right side of (47) is the variation of
with respect to the four potential A µ and may be derived using the Leibniz product rule for fractional derivatives (4):
Therefore L Γ is a function of type (17) . Applying the corresponding Euler-Lagrange equations (18) to (52) yields
Hence the coupling term in (47) is derived. The non linear field equations (46) and (47) completely determine the interaction of the fractional Dirac field with the fractional gauge field up to first order in o(ḡ). Therefore we have proven, that the principle of local gauge invariance still is effective for fractional fields.
Furthermore, besides the mechanism proposed by YangMills, now there exists an alternative approach to implement an inherent SU (n)-symmetry. While in a Yang-Mills theory, the SU (n)-symmetry is explicitely introduced via a non abelian gauge field, now the same symmetry is introduced implicitly via the fractional Dirac equation leaving the symmetry of the fractional gauge field abelian. Therefore equations (45),(46) and (47) serve as an alternative formulation of a gauge field theory of e.g. for α = β = 2/3 the strong interaction of hadrons.
For α = 1, β = 1 these equations reduce to the standard QED equations. For α = 1, β = 1 the major extensions are: the electric field A µ extends from a c-number to a non local operator, which we called the fractional charge connection operator. The γ µ α -matrices obey an extended Clifford algebra, which reflects the transition from SU (2) to SU (n > 2). This makes the fractional QED an interesting candidate to describe properties of particles, which obey an inherent SU (n) symmetry.
To help to get this idea accepted we investigate in the following section the fractional extension of the classical Zeeman effect, which will be applied to a description of the baryon mass spectrum.
A first application -the fractional Riemann Liouville Zeeman effect
In the previous section, we have applied a local gauge transformation to a free fractional Dirac field and obtained a fractional interaction with the fractional gauge field. Of course, this method is neither restricted to spinor fields nor does it rely on Lorentz-covariant wave equations, but may be applied to other free fields as well.
In this section, we will present a simple example to illustrate the validity of the proposed mechanism to generate an interaction for fractional fields. We will investigate the fractional analogue of the classical Zeeman effect, which describes the level splitting of a charged particle in an external constant magnetic field.
For that purpose, we will first derive the fractional nonrelativistic Schrödinger equation including the interaction term.
The fractional Schrödinger equation minimally coupled to an external fractional gauge field
The Lagrange density L f ree F S for the free fractional Schrö-dinger field is given by L f ree
Local gauge invariance up to first order inḡ is achieved by a replacement of the fractional derivative by
Therefore the free Lagrange density (57) is extended to
Variation of L F S with respect to Ψ * yields the fractional Schrödinger equation including an interaction with an external gauge field:
or in vector notation
results from the variation ofΓ αβ i (A i )Ψ * . With (61)-(63) the fractional Schrödinger equation including the interaction with an external electro-magnetic field is derived, which is invariant under infinitesimal gauge transformations.
The fractional Riemann-Liouville Zeeman effect
We will now solve the derived fractional Schödinger equation for a specific external field, which is the fractional analogue for a constant external magnetic field. In order to simplify the procedure, we will consider the special case of similar fractional order of the fractional matter field and the fractional electro-magnetic field and set α = β.
The fractional charge connection operator is then given according to (52) bŷ
and according (64)
In order to evaluate these series, we apply the RiemannLiouville fractional derivative (2), (3) with a = 0.
We now introduce the external field A: (68) which for α = 1 reduces to {− Bx, 0} and is therefore the fractional analogue for a constant magnetic field B. The fractional magnetic field B α is given by:
Since 1/Γ (0) = 0, the following conditions hold for the z-component of the fractional magnetic field:
Therefore, within the specific context of the RiemannLiouville fractional derivative definition (2),(3), the fractional magnetic field (69) indeed is the fractional extension of a constant electro-magnetic field. For the fractional derivatives of A we obtain
(72) and consecutively
As a consequence, the infinite series in (65) and (66) each reduce to a single term.
We therefore obtain
We introduce the fractional analogue of the z-component of the angular momentum operatorL z (α)
It follows:
The fractional Schrödinger equation (63) reduces to
(78) With the product ansatz Ψ = e −iEt ψ a stationary Schrö-dinger equation for the energy spectrum results in: (79) we have derived the non relativistic fractional Schrödinger equation for a spinless particle moving in a constant external fractional magnetic field, which is gauge invariant up to first order inĝ. We want to emphasize, that for a different choice of the fractional derivative definition a different Hamiltonian results, e.g. for the Caputo [17] fractional derivative definition z α−1 has to be replaced by 1.
The derived equation is a fractional integro-differential equation, a solution may be obtained by iteration. In lowest order approximation, we set
with the constant ρ and obtain Fig. 1 . comparison of the experimental hadron spectrum [28] with a fit of the energy spectrum derived for the fractional Zeeman effect(85). Experimental masses are given as circles, theoretical values are given as lines for a given L. Band heads are labeled with their name and experimental mass from [28] . Note that the theoretical values for mesons L = 1, 2 are predicted values for baryon masses obtained with (85).
SinceL z (α) is the Casimir operator of the fractional rotation group SO α (2), for an analytic solution a group theoretical approach is appropriate [23] .
In order to classify the multiplets only, the Hamiltonian (81) may be rewritten as a linear combination of the Casimir operatorsL 2 (α) of SO α (3) which corresponds in a classical picture to the fractional angular momentum and L z (α) of SO α (2) which corresponds to the z-projection of the angular momentum. The eigenfunctions are determined by two quantum numbers | LM >
The eigenvalues of the Casimir operators based on the Riemann-Liouville fractional derivative definition are given by [23] 
where |M| is the absolute value of M . Note that for α = 1 the Casimir operators and the corresponding eigenvalues reduce to the well known results of standard quantum mechanical angular momentum algebra [26] . With (83) and (84) the level spectrum of the multiplets is determined
Phenomenology of the baryon spectrum
We have derived in lowest order an analytic expression (85) for the splitting of the energy levels of a non relativistic charged fractional spinless particle in a constant fractional magnetic field. If we associate this particle with a quark and the fractional magnetic field with a color magnetic field, this model should allow a description of the hadron spectrum. This assumption is motivated by results obtained by ab initio calculations in lattice QCD [27] , where a color flux tube with almost constant color magnetic field between quarks is observed.
Since we expect a similar result for self consistent solutions of the nonlinear field equations (46) and (47), the fractional Zeeman-effect serves as a simple, idealized model for a first test, whether the hadron spectrum may be reproduced at all within the framework of a fractional abelian field theory.
Therefore we will use formula (85) for a fit of the experimental baryon spectrum [28] .
The optimum fit parameter set with an r.m.s error of 0.84% results as:
In figure 1 Remarkable enough, the overall error for the fitted baryon spectrum L = 3, .., 9 is less than 1 %. A general trend is an increasing error for small masses which possibly indicates the limitations of a non relativistic model.
The α = 0.112 value corresponds in the sense of the relativistic theory (see (19) ) to an inherent SU (18) symmetry, which optimistically may be interpreted as the direct product:
and is therefore an indirect indication for the maximum number of different quark flavours to be found in nature.
In the lower part of table 1 the proposed (L, M ) values for Λ c (2880) up to Λ b give a rough estimate for the number of particles, which are still missing in the experimental spectrum.
For L = 1, 2 we can compare the theoretical mass predictions for baryons with the experimental meson spectrum, see upper part of table 1 and left part of figure  1 . The results are surprisingly close to the experimental masses, despite the fact that mesons and baryons are different constructs. This means, that the relative strength of the fractional magnetic field b 0 = B q /m q , {q ∈ u, d, s, c} is of similar magnitude in mesonic (qq) and baryonicsystems.
Summarizing the results of this section we conclude, that the fractional Zeeman effect, which describes the motion of a fractional charged particle in a constant fractional magnetic field serves as a reasonable non relativistic model for an understanding of the full baryon spectrum. This result has far reaching consequences: For the first time the terms "particle described by a fractional wave equation" and "fractional magnetic field" have successfully been associated with the entities quark, which follows a SU (n) f lavour symmetry and color, which follows a SU (3) color symmetry. Besides classical QED a set of wave equations e.g. the Dirac-, Pauli-and Schrödinger equation describe the interaction of electrons, positrons and photons with descending accuracy. The results derived in this section indicate, that this probably also holds for fractional QED.
Furthermore, the results indicate, that a fractional QED based on the Lagrange density (45) with a small coupling constantḡ and an abelian gauge field and QCD based on the standard QCD Lagrange density with a strong coupling constantḡ and a non abelian gauge field may probably describe the same phenomena.
The results presented so far, encourage further studies in this field. The next step is a thorough investigation of the transformation properties of the proposed Lagrangians under fundamental symmetry transformations. In the relativistic case, invariance of the Lagrangian and corresponding wave equations under Lorentz-transformations has been investigated for free fields e.g. in [10] .
For example in case of the ordinary Dirac equation the transformation laws for its solution and simultaneously for the operator itself are automatically the same for free equation and for the equation with the usual interaction. On the other hand in [10] proof of invariance is given only for free fractional fields and it is obvious that invariance of corresponding fields with interaction represents a further and probably much more complicated problem. And without existence of transformation laws for all fields it is not possible to assume that related Lagrangian is a scalar quantity.
In the non relativistic case, invariance under spatial rotations is a transformation of similar importance. Therefore in the following section we will investigate the behaviour of the fractional Schrödinger equation under spatial rotations.
The internal structure of fractional particles
Properties of particles, which are described by wave equations, may be investigated using the commutation relations of fundamental symmetry operations.
Lets call a particle elementary, if it is described by a potential-and field-free wave equation. If in addition there is an internal structure, which is determined by additional quantum numbers, it may be revealed e.g. considering the behaviour under rotations.
We will investigate the most simple case, the behaviour of the fractional Schrödinger equation (63) The components of a fractional spin vector are then given by the cross product
Therefore fractional spin describes an internal fractional rotation, which is proportional to the momentum difference between fractional and ordinary momentum. For a given α it has exactly one component. With J
